Pulsars are spinning extremely rapidly with periods as short as about 1.4 milliseconds and delays of a few milliseconds per year at most, thus providing the most accurate clocks in the Universe. Nevertheless, sudden spin ups have been detected in some pulsars like the emblematic Vela pulsar. These abrupt changes in the pulsar's rotation period have long been thought to be the manifestation of a neutron superfluid permeating the inner crust of neutron stars. However, the neutron superfluid has been recently found to be so strongly coupled to the crust that it does not carry enough angular momentum to explain the Vela data. We explore the extent to which pulsar-timing observations can be reconciled with the standard glitch theory considering the lack of knowledge of the dense-matter equation of state.
Introduction
Pulsars, the compact remnants of gravitational core-collapse supernova explosions, are spinning very rapidly with extremely stable periods P ranging from about 1.4 milliseconds to a few seconds [1] . The variationsṖ ≡ dP/dt of the rotation period of some pulsars over time t do not exceed 10 −21 , as compared to 10 −18 for the most accurate atomic clocks [2] . Still, some pulsars have been found to suddenly spin up. The ensuing "glitches" in their rotational frequency Ω, ranging from ∆Ω/Ω ∼ 10 −9 to ∼ 10 −5 , are generally followed by a long relaxation lasting from days to years, and sometimes accompanied by an abrupt change of the spin-down rate from |∆Ω/Ω| ∼ 10 −6 up to ∼ 10 −2 . At the time of this writing, 472 glitches have been detected in 165 pulsars [3] . One of the most emblematic glitching pulsars is Vela (PSR B0833−45).
The Vela pulsar was discovered in October 1968 by astronomers from Sydney University [4] . Its very short period of about 89 milliseconds provided very strong evidence for the identification of pulsars as rotating neutron stars rather than rotating or vibrating white dwarfs. Moreover, the fact that this pulsar lies in a supernova remnant confirmed the scenario of gravitational core collapse of massive stars proposed much earlier by Baade and Zwicky [5] . Between 24 February and 3 March 1969, the Vela pulsar was found to spin more rapidly than before [6, 7] : the rotational frequency had increased by ∆Ω/Ω ≃ 2 × 10 −6 . The increase in the spin-down rate was even larger ∆Ω/Ω ≃ 7 × 10 −3 . Soon afterwards, Malvin Ruderman proposed that the glitch 1 was the manifestation of crustquakes [9] . The idea was the following. As the star spins down, the presence of a solid crust prevents any readjustment of the stellar shape. Stresses build up to the point at which the solid crust will break down. The resulting quake entails a sudden decrease in the moment of inertia, and an increase in the spin frequency by conservation of angular momentum. As David Pines pointed out in 1999 [10] , the Vela quake would be a cataclysmic event since this would correspond to an Earthquake of magnitude 17 in which the entire surface is shifted by about 15 meters! On the other hand, crustquakes should be very rare: this model predicted that no such event should be observed again in Vela in a human lifetime [11, 12] . The detection of the first glitch a few months after the discovery of the Vela pulsar thus appeared as a very unlikely coincidence, as remarked by Ruderman himself [9] : "The proposed model does not, however, account for the remarkable fact that such an uncommon event should just happen to occur during the short time, less than a year, during which this pulsar has been observed." Freeman Dyson speculated that neutron-star quakes could be more frequent if one assumes that the crustal stress arises from the accumulation of volcanic ashes at the stellar surface [13] . In the fall of 1971, a second glitch occurred in Vela thus definitively ruling out Ruderman's crustquake theory. Other scenarios were proposed like corequakes [14] , planetary perturbation [15] or magnetospheric instabilities [16] , but none of them were really convincing (see, e.g. Ref. [17] ). For instance, if Vela glitches arose from corequakes they should have been seen in X-rays [18] . The eccentric orbital motion of planets around Vela predicted a strict regularity of glitches that were later found to be inconsistent with observations. Finally, the absence of radiative and pulse profil changes during glitches ruled out a magnetospheric origin.
Since no such phenomena had ever been observed in other celestial bodies, glitches had to do with specific properties of neutron stars. Cameron and Greenstein proposed that the Vela glitch was due to the onset of fluid instabilities, the core rotating faster than the crust assuming "viscous effects to be unimportant" [19] . After one year, the spin-down rate of Vela relaxed to the value it had before the glitch. This very long relaxation time was interpreted as a strong evidence for neutron-star superfluidity [20] . Neutron-star superfluidity had been actually predicted long before the discovery of pulsars by Migdal in 1959 [21] , and had been first studied by Ginzburg and Kirzhnits in 1964 [22] . In 1972, Packard suggested that glitches are related to the metastability of this superfluid [23] . In 1975, Anderson and Itoh advanced the seminal idea that glitches are triggered by the sudden unpinning of superfluid vortices in neutron-star crust [24] . A rotating superfluid is threaded by a regular array of quantized vortex lines, each carrying a quantumh of angular momentum. Such vortices have been observed in various kinds of superfluids in the laboratory and are thus expected to be present in the interior of rotating superfluid neutron stars. Quantized vortices tend to arrange themselves on a regular triangular array. The surface density of vortices in a rotating fermionic superfluid is given by n v = 2mΩ/(πh), where m is the mass of the fermions, Ω the angular frequency andh the Planck-Dirac constant. For a neutron superfluid, we obtain n v (km −2 ) ∼ 10 14 /P(s). The Vela pulsar is thus expected to contain about 10 17 vortices. The neutron superfluid in a neutron star is supposed to be weakly coupled to the rest of the star by mutual friction forces and to thus follow its spin-down via the motion of vortices away from the rotation axis unless vortices are pinned to the crust. In this case, the superfluid could rotate more rapidly than the crust. The lag between the superfluid and the crust induces a Magnus force acting on the vortices thereby producing a crustal stress. At some point, the vortices will suddenly unpin, the superfluid will spin down and, by the conservation of angular momentum, the crust will spin up leading to a glitch. This scenario found support from laboratory experiments with superfluid helium [25] . Due to (non-dissipative) mutual neutron-proton entrainment effects, neutron superfluid vortices in the core of a neutron star carry a fractional magnetic quantum flux [26] . As a consequence, the core neutron superfluid is strongly coupled to the crust due to electrons scattering off the magnetic field of the vortex lines [27] . For this reason, only the neutron superfluid permeating the inner crust of a neutron star have been generally thought to be responsible for Vela glitches. Alpar, Pines and collaborators extended this vortex-mediated glitch scenario to explain the postglitch relaxation by the creeping of vortices [28, 29] . Ruderman argued that if the pinning is strong enough the solid crust will crack before vortices get unpinned [30] (see also Chapter 14 of Ref. [1] ). The subsequent motion of crustal plates could naturally explain the observed increase of the spin-down rate. Carter and collaborators later showed that the lack of centrifugal buoyancy and stratification are sources of crustal stress even in the absence of vortex pinning [31, 32] . Whether or not glitches are triggered by crust quakes remains uncertain (see, e.g. Refs. [33, 34] and references therein for a review of more recent developments).
Regardless of the actual glitch triggering mechanism, Vela pulsar timing data have been used to constrain the crustal moment of inertia of a neutron star [29, 35, 36] . The fact that the inferred crustal moment of inertia is ∼ 2−3%, as expected for a neutron star with a typical mass M ∼ 1.4M ⊙ (M ⊙ being the mass of the Sun), provided additional support to the vortex-mediated glitch scenario. On the other hand, this scenario has been recently challenged [37, 38, 39, 40] by the realization that despite the absence of viscous drag the crust can still resist the flow of the neutron superfluid due to Bragg scattering [41, 42, 43, 44] .
In this paper, the extent to which the crustal superfluid can explain Vela pulsar glitches given the current lack of knowledge of nuclear physics is more closely examined considering a set of different unified dense-matter equations of state, treating consistently all regions of a neutron star, and taking into account nuclear-physics uncertainties.
Global model of superfluid neutron stars
As discussed in the previous section, Vela pulsar glitches are generally thought to arise from sudden transfers of angular momentum between the neutron superfluid permeating the neutronstar inner crust and the rest of the star. An elegant and generic covariant variational formalism for describing such multicomponent systems was developed by Brandon Carter and his collaborators using exterior calculus. Originally formulated in the relativistic context [45, 46] , it was later adapted to the Newtonian framework [41, 47, 48, 49] . A concise presentation of this formalism can be found, e.g., in Ref. [50] (see also Ref. [51] ). In this paper, we shall be concerned with a simplified global model of superfluid neutron stars as discussed in Ref. [32] .
The total angular momentum J of the star is the sum of the angular momentum J s of the superfluid and of the angular momentum J c of the rest of the star (this includes the solid crust and the liquid core). Because of entrainment effects, the angular momentum of each component is a superposition of both the angular velocity Ω s and the observed angular frequency Ω of the rest of star
where I ss , I sc = I cs ≤ 0 and I cc are partial moments of inertia. The total angular momentum can thus be written as
where I s = I ss + I sc and I c = I cs + I cc are the moments of inertia of the superfluid and of the rest of the star respectively. The evolution of the total angular momentum is governed by the external torque Γ ext ≤ 0 arising from the pulsar electromagnetic radiation:
The superfluid and the rest of the star are coupled by mutual friction forces induced by the dissipative motion (creep) of quantized vortex lines. Therefore, the superfluid is subject to an internal torque Γ int ≤ 0 so thatJ
and consequentlyJ
Let us denote (discontinuous) variations of some quantity Q during a glitch by ∆Q and (continuous) variations of this quantity during the interglitch period by δ Q. Since no radiative and pulse profil changes have been detected during glitches, it is reasonable to assume that the total angular momentum J is conserved: 
On the other hand, averaging over glitches occuring during a time t, we have
Combining Equations (2.8), (2.10), (2.11) and (2.12) yields the following constraint [32]
where I = I s + I c is the total moment of inertia of the star. The coefficient G can be obtained from pulsar-timing data and is defined as
where τ c = Ω/(2|Ω|) is the pulsar characteristic age and the glitch activity parameter A g is given by
Constraint on the crustal moment of inertia
Equation (2.13) can be alternatively expressed as
where m n is the neutron mass andm ⋆ n is a suitably weighted mean effective neutron mass [32] , arising from Bragg scattering of unbound neutrons by neutron-proton clusters [41, 43] , and defined asm ⋆ n /m n = I ss /I s . Ignoring entrainment effects by settingm ⋆ n = m n and approximating I s by the crustal moment of inertia I crust leads to the following inequality [36] 
This condition has been widely applied to put constraints on the global structure of neutron stars as well as on the equation of state of dense matter (see, e.g., Refs. [52, 53, 54] ). However, according to the calculations of Refs. [41, 42, 44] , the mean effective neutron massm ⋆ n ≫ m n is substantially larger than the bare neutron mass m n so that I ss /I s ≫ 1 leading to a much more stringent constraint than that given by Eq. (3.2) . The ratio (I s ) 2 /I ss I appearing in Eq. (2.13) depends on the internal structure of the star. It can be conveniently decomposed in terms of the crustal moment of inertia as
3)
The fractional moments of inertia I ss /I crust and I s /I crust depend essentially only on the properties of the neutron-star crust, and are approximately given by I ss ≃ 4.58I crust and I s ≃ 0.893I crust [38] assuming that vortex pinning is effective in all regions of the inner crust (in reality, the inertia of the neutron superfluid could be lower). For the ratio I ss /I s =m ⋆ n /m n , we thus obtain the value 5.13. Adopting these values, the inequality (2.13) can be expressed as a constraint on the fractional moment of inertia of the crust
Because it was the first observed pulsar to exhibit glitches, Vela has become the testing ground for glitch theories. At the time of this writing, 19 glitches have been detected since 1969 [3] . As shown in Fig. 1 , the cumulated glitch amplitude increases almost linearly with time. A linear fit yields A g ≃ 2.27 × 10 −14 s −1 . With the characteristic age τ c = 1.13 × 10 4 years [55] , we find G ≃ 1.62%, and Eq. (3.4) thus becomes
Other glitching pulsars exhibit higher values for the coefficient G . In particular, G ≃ 2.7% for PSR B1930+22 [37] leading to the more stringent constraint
On the other hand, the statistical errors for this pulsar are larger than for Vela since only three glitches have been detected so far.
Constraint on the mass and radius of neutron stars
The fractional moment of inertia of the crust I crust /I depends on the global structure of the neutron star. We have computed this ratio using the following interpolating formula [56] :
where P cc andn cc are the pressure and average baryon number density at the crust-core interface respectively, m is the baryon mass, β = GM/(Rc 2 ) (G is the gravitational constant and c the speed 40000 42500 45000 47500 50000 52500 55000 57500 of light), M and R are respectively the gravitational mass and the circumferential radius of a nonrotating neutron star. This formula was obtained by solving numerically Einstein's equations of general relativity for rotating neutron stars using a set of different dense-matter equations of state. The crust-core transition density and pressure were estimated [57] by the method described in Ref. [58] , which was shown to be extremely accurate [59] . For this purpose, we employed the recent family of accurately calibrated Brussels-Montreal nuclear energy density functionals from BSk22 to BSk26 [60] . These functionals are based on generalized Skyrme effective interactions, whose parameters were primarily fitted to all measured atomic masses with neutron number N ≥ 8 and proton number Z ≥ 8 from the 2012 Atomic Mass Evaluation [61] . Theoretical masses were calculated using the self-consistent Hartree-Fock-Bogoliubov method (see, e.g. Ref. [62] for a short review). With a root-mean-square deviation of about 0.5 MeV, the Brussels-Montreal mass models are the most accurate microscopic mass models. A set of different functionals was constructed by imposing different values for the symmetry energy at saturation, and by fitting different realistic neutron-matter equations of state spanning different degrees of stiffness corresponding to current predictions of various microscopic calculations. A number of additional constraints were imposed (see Ref. [60] ). Although these functionals were not directly fitted to realistic equations of state of symmetric nuclear matter, they were found to be compatible with the constraints inferred from the analysis of heavy-ion collision experiments [63, 64] . Besides, the predicted values for the symmetry energy and its slope at saturation are consistent with those inferred from various experimental and theoretical constraints [65, 66] . For these reasons, the Brussels-Montreal functionals are well-suited for determining the crust-core transition in neutron stars. Neutron-star interiors are assumed to be in full thermodynamical equilibrium at zero temperature.
Combining Eqs. (3.5) and (4.1) for each set of crust-core transition density and pressure (as predicted by a given functional) leads to a specific mass-radius relation. These different relations are represented by the red band in Figure 2 . According to the standard vortex-mediated glitch theory, the region above this band is excluded by Vela pulsar glitch data. As an illustration, we have plotted the masses and radii of neutron stars, as predicted by three different unified equations of states, treating consistently all regions of a neutron star using the same nuclear model from the surface to the core: BSk20 and BSk21 [67, 68] , and BCPM [69] . We have also indicated the recent measurement of the mass of PSR 0348+0432 [70] .
As shown in Fig. 2 , the inferred mass of the Vela pulsar is at most M ≃ 0.7M ⊙ . On the other hand, the minimum mass of a neutron star formed from the gravitational core collapse of stars with a mass M > 8M ⊙ is expected to lie in the range 0.88 − 1.28M ⊙ [71] . Besides, the comparison of neutron-star cooling simulations with the observational estimates of the age and thermal luminosity of the Vela pulsar suggests that this neutron star is rather massive (see, e.g., Ref. [72] ). This is the glitch puzzle [37, 38, 39, 40] . It has been recently argued that this puzzle could be resolved by invoking the lack of knowledge of the dense-matter equation of state [73, 74] . On the other hand, the equations of state predicting thick enough neutron-star crusts are found to be at variance with existing constraints from laboratory experiments and astrophysical observations. For instance, the equation of state NL3max considered in Ref. [73] is inconsistent with the analysis of matter flow and kaon production in heavy-ion collision experiments [63, 64] . As for the parametrization TFcmax considered in Ref. [73] , the predicted values for the symmetry energy and its slope at saturation lie well outside the range of values expected from various experimental and theoretical constraints [65, 66] . This presumably explains why this model yields thick enough crust since the crust-core boundary is correlated with the slope of the symmetry energy [75] . As a matter of fact, the average baryon number densityn cent at the center of the neutron stars lying in the red band shown in Fig. 2 is rather low:n cent 0.32 fm −3 for BSk20, andn cent 0.28 fm −3 for BSk21. At such densities, the neutron-star core is generally expected to contain nucleons and leptons only (see, e.g. Ref. [76] and references therein for a recent review about hyperons in neutron stars). Moreover, the equation of state can be probed by laboratory experiments up to several times the density n 0 ≃ 0.16 fm −3 of symmetry nuclear matter at saturation. For instance in Refs. [63, 64] , the equation of state was constrained by Au+Au collision experiments at densities up to 4.5n 0 , well above the densityn cent 2n 0 at the center of low-mass neutron stars. On the whole, although the equation of state of dense matter remains uncertain, the constraints imposed by both laboratory experiments and astrophysical observations lead to the prediction that the Vela pulsar is a low mass neutron star assuming that glitches originate from the superfluid in the crust.
Conclusions
The giant frequency glitches observed in the Vela pulsar provide strong evidence for the presence of superfluids in the interior of neutron stars. Predicted before the discovery of pulsars, neutron-star superfluidity has recently found additional support from the rapid cooling of the neutron star in Cassiopeia A [77, 78] , from observations of the initial cooling in persistent soft X-ray [67, 68] , and BCPM [69] . The horizontal band represents the mass measurement of PSR 0348+0432 [70] . The region lying above the red band labelled PSR B0833−45 is excluded by pulsar-timing data if Vela glitches originate from the neutron superfluid in neutron-star crusts. See text for details.
transients [79, 80] , and from measurements of pulsar braking indices [81, 82] (for a recent review of neutron-star superfluidity, see, e.g. Ref. [83] ).
According to the standard theory [28] , Vela pulsar glitches are triggered by the sudden unpinning of neutron superfluid vortices in the crust of the star. Assuming that this scenario is correct, a constraint on the crustal moment of inertia of Vela can be inferred from timing data [35, 29, 36] . Although giant glitches have been observed in other pulsars, observations of the Vela pulsar yield the most stringent constraint: I crust /I ≥ 1.6%. This constraint has been recently revised after realizing that the crustal superfluid is strongly entrained by the rest of the star due to Bragg scattering [38] : I crust /I ≥ 9.3%. Considering current experimental and theoretical constraints on the dense-matter equation of state, we find that the crustal superfluid does not carry enough angular momentum to explain Vela pulsar glitches. Even if crustal entrainment is ignored, the standard vortex-mediated glitch scenario has been challenged by the observation in 2010 of a huge glitch in PSR 2334+6 from which the following constraint was inferred: I crust /I ≥ 9.4% [84] . These observations suggest that the neutron superfluid in the core of a neutron star contributes to glitches [85] .
